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ABSTRACT. In the first part of the article, we give necessary and sufficient conditions 
for the solvability of a class of nonlinear elliptic boundary value problems with nonlinear 
boundary conditions involving the ij-Laplace-Beltrami operator. In the second part, we 
give some additional results on existence and uniqueness and we study the regularity of 
the weak solutions for these classes of nonlinear problems. More precisely, we show some 
global a priori estimates for these weak solutions in an L°°-setting. 



1. Introduction 

Let £2 C R N , N > 1 , be a bounded domain with a Lipschitz boundary d£l and consider 
the following nonlinear boundary value problem with nonlinear second order boundary 
conditions: 

— A p u + (X\ (w) = / (x) , in fi, 

(1.1) 

b(x) \ Vu\ p ~ 2 d n u — pb(x)AqfU + (%2 (u) — g(x) , on <9£2, 

where b G L°° (<9£2) , b(x) > bo > 0, for some constant bo, p is either or 1, and (X\, 
OL2 G C(R,R) are monotone nondecreasing functions such that a,(0) = 0. Moreover, 
A p u = div(|VM| p ~ Vm) is the /j-Laplace operator, p G (l,+») and / G L 2 (Q,,dx) , g G 
L 2 (dQ.,a) are given real-valued functions. Here, dx denotes the usual A^-dimensional 
Lebesgue measure in D. and a denotes the restriction to dQ. of the (N — 1) -dimensional 
Hausdorff measure. Recall that a coincides with the usual Lebesgue surface measure 
since £2 has a Lipschitz boundary, and d n u denotes the normal derivative of u in direction 
of the outer normal vector ?T\ Furthermore, A^r is defined as the generalized g-Laplace- 
Beltrami operator on <9£2, that is, A a fU = divr(\Vru\' l ~ 2 Vr«), q G (1,+°°). In particular, 
A2 = A and A2,r = Ap become the well-known Laplace and Laplace-Beltrami operators on 
Q. and <5£2, respectively. Here, for any real valued function v, 

N-l 

divr/v = d Ti v > 
i=i 

where d Tj v denotes the directional derivative of v along the tangential directions T, at each 
point on the boundary, whereas V r v = (d Tl v, ...,d ZN l v) denotes the tangential gradient at 
dCl. It is worth mentioning again that when p = in (II. U . the boundary conditions are 
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of lower order than the order of the p -Laplace operator, while for p = 1 , we deal with 
boundary conditions which have the same differential order as the operator acting in the 
domain £2. Such boundary conditions arise in many applications, such as phase-transition 
phenomena (see, e.g., lfT3l[T4l and the references therein) and have been studied by several 
authors (see, e.g., El El [I6l|2i|28l). 

In a recent paper lfT2l . the authors have formulated necessary and sufficient conditions 
for the solvability of dl.lb when p = q = 2, by establishing a sort of "nonlinear Fredholm 
alternative" for such elliptic boundary value problems. We shall now state their main result. 
Defining two real parameters A i , A 2 € R+ by 

dx, A 2 = / ^, (1.2) 

£1 JdQ t> 

this result reads that a necessary condition for the existence of a weak solution of dl.lb is 
that 

[ f(x)dx+ f g(*)-^-e(A 1 ^(a 1 ) + A 2 ,^(a 2 )), (1.3) 
Jq Jdo. b (x) 

while a sufficient condition is 

, f(x)dx+ [ g(x)^€mt(l 1 M(ai)+l 2 M(a 2 )), (1.4) 
q Jdo. b (x) 

where ffl(a,j) denotes the range of ocj, j = 1,2 and int(G) denotes the interior of the set G. 

Relation d 1 -3b turns out to be both necessary and sufficient if either of the sets Si{(X\) 
or 3% {0.2) is an open interval. This particular result was established in lfl2l Theorem 3], 
by employing methods from convex analysis involving subdifferentials of convex, lower 
semicontinuous functionals on suitable Hilbert spaces. As an application of our results, we 
can consider the following boundary value problem 

-An + aiO) = /(*)> ini2 » (1 5) 

b (x) d„u = g (x) , on dQ., 

which is only a special case of ( 11.11 ) (i.e., p = 0, a 2 = and p = 2). According to lfl2l 
Theorem 3] (see also (11.41 >). this problem has a weak solution if 

[ f(x)dx+ [ *(*)^eint(Ai#(ai)), d-6) 
J a Jdn b(x) 

which yields the result of Landesman and Lazer lTT7l for g = 0. This last condition is both 
necessary and sufficient when the interval M{a,\) is open. This was put into an abstract 
context and significantly extended by Brezis and Haraux [8 1. Their work was much further 
extended by Brezis and Nirenberg ||9]- The goal of the present article is comparable to that 
of lfl2l since we want to establish similar conditions to ( 11.41 ) and dl.6l ) for the existence 
of solutions to (II . lb when p,q ^2, with main emphasis on the generality of the boundary 
conditions. 

Recall that Ai and A 2 are given by (11.2b . Let be the interval Ai^ 1 (d\) + A 2 J? (o£ 2 ) ■ 
Our first main result is as follows (see Section 4 also). 

Theorem 1.1. Let (Xj : R —¥ R (j — 1,2) be odd, monotone nondecreasing, continuous 
function such that Clj(Q) = 0. Assume that the functions Aj(t) := /J ? ' (Xj(s)ds satisfy 

Aj{2t) < CjAj(t), for all t e R, (1.7) 
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for some constants Cj > 1, j = 1 , 2. Ifu is a weak solution of ALU ( in the sense of Definition 
\4.10\ below), then 

f{x)dx + [ g(x)£^el (1.8) 
Jdn b (x) 



Conversely, if 



f(x)dx+ f gW^refe(i), (1.9) 
a J da b{x) 



then (TO} has a weak solution. 



Our second main result of the paper deals with a modified version of ( II. Il l which is 
obtained by replacing the functions (Xi (s) , a 2 (s) in (II . lb by «i (s) + l^l' 5-2 .? and c«2 (s) + 
pb\u\ q ~ u, respectively, and also allowing OCi, OC2 to depend on x 6 £2. Under additional 
assumptions on a 1 , OC2 and under higher integrability properties for the data (/, g), the next 
theorem provides us with conditions for unique solvability results for solutions to such 
boundary value problems. Then, we obtain some regularity results for these solutions. In 
addition to these results, the continuous dependence of the solution to jl.lt with respect to 
the data (f,g) can be also established. In particular, we prove the following 



Theorem 1.2. Let all the assumptions of Theorem \l.l\ be satisfied for the functions (X\ , 
7X2- Moreover, for each j = 1,2, assume that lXj (?) jt — > 0, as t — > and CCj (t) jt — >■ °°, as 
t respectively. 

(a) Then, for every (f,g) £ m (£2) x L« (<?£2) with 

( AM ( maxll,^}}, */pe{0,l}, 

pi >max 1,- ), qi > i \ \ 

IP) max<^l,^— ifp = landp = q, 



there exists a unique weak solution to problem ( li.il ) (in the sense of Definition 15.31 below) 
which is bounded. 

(b) LetlXj, j = 1,2, be such that 

c i I I < |Sy(§)-5y(i?)|, for all ^,tj e(R, 

for some constants Cj 6 (0,1]. Then, the weak (bounded) solution of problem ( li.iD de- 
pends continuously on the data (f,g). Precisely, let us indicate by Uf- the unique solution 
corresponding to the data Fj := (fj,gj) £ L P[ (£2) x L' n (5£2),/or each j — 1,2. Then, the 
following estimate holds: 

ll"Fl -"F 2 ||i-(n) + ll M F! -«F 2 IU°°(3Q) < -/2||iPl(£2))lkl ~ 82 \\lH (dCl)) 7 

for some nonnegative function Q : — > R + , Q(0 } 0) = 0, which can be computed explic- 
itly. 

We organize the paper as follows. In Section|2] we introduce some notations and recall 
some well-known results about Sobolev spaces, maximal monotone operators and Orlicz 
type spaces which will be needed throughout the article. In Section [3] we show that the 
subdifferential of a suitable functional associated with problem ( II. U satisfies a sort of 
"quasilinear" version of the Fredholm alternative (cf. Theorem l3.5b . which is needed in 
order to obtain the result in Theorem ll.il Finally, in Sections@]and[5] we provide detailed 
proofs of Theorem 11.11 and Theorem 1 1.2 1 We also illustrate the application of these results 
with some examples. 
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2. Preliminaries and notations 

In this section we put together some well-known results on nonlinear forms, maximal 
monotone operators and Sobolev spaces. For more details on maximal monotone operators, 
we refer to the monographs 10] |7] |20] |2l] |27] . We will also introduce some notations. 

2.1. Maximal monotone operators. Let H be a real Hilbert space with scalar product 
W)h. 

Definition 2.1. Let A : D(A) C H — > H be a closed (nonlinear) operator. The operator A 
is said to be: 

(i) monotone, if for all u,v E D(A) one has 

(Au-Av.u — v)h> 0. 

(ii) maximal monotone, if it is monotone and the operator I + A is invertible. 

Next, let V be a real reflexive Banach space which is densely and continuously embed- 
ded into the real Hilbert space H, and let V' be its dual space such that V <-> H <^-» V' . 

Definition 2.2. Let srf : V x V — > R be a continuous map. 

(a) The map srf : V x V — > R is called a nonlinear form on H if for all u e V one has 
si (u, ■) G V', that is, if s/ is linear and bounded in the second variable. 

(b) The nonlinear form s/ : V X V — > R is said to be: 

(i) monotone ifs/(u, u — v) — s/(v, u — v) > for all u, v e V; 

(ii) hemicontinuous iflims/(u + tv, w) = jz?(u, w), Vu,v,w€V; 

40 

(in) coercive, if hm — — - — = +°°. 
IM|v^+°° ||v||v 

Now, let <p : H — >• (— °°, +°°] be a proper, convex, lower semicontinuous functional with 
effective domain 

D(q>) := {ueH : <p(u) < °o}. 
The subdifferential dq> of the functional <p is defined by 

!D(d<p) := {u e D(<p) : 3 w e H V v € D(tp) : <p(v) - q>(u) > (w, v - u)h}\ 
d(p(u) := {w e H : V v e D((p) : <p(v) — q>{u) > (w,v - u)h}- 
By a classical result of Minty [20 1 (see also QIH)), dq> is a maximal monotone operator. 

2.2. Functional setup. Let Q. C R N be a bounded domain with a Lipschitz boundary <9i2. 
For 1 < p < oo, we let W l p (i2) be the first order Sobolev space, that is, 

W ltP (0) = {ue V{a) : Vu e {L"{Q.)) N }. 

Then W l p (f2), endowed with the norm 

ll"llwi./'(a) : = (ll M lln,p+ll v "llnJ 
is a Banach space, where we have set 




Since £2 has a Lipschitz boundary, it is well-known that there exists a constant C > such 
that 

IMIn,,,, < C\\u\\ whpm , for all u G W Lp (£2), (2.1) 
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where p s = if p < N, and 1 < p s < °° if N = p. Moreover the trace operator Tr(zt) := 
initially defined for u G C l (Q.) has an extension to a bounded linear operator from 
W hp (Q.) into IS* (dQ.) where q s := if p < and 1 < g s < °° if iV = p. Hence, there 

is a constant C > such that 

ll"lbQ*<C||H|| w i,p (Q) , forallMGW 1 ^). (2.2) 

Throughout the remainder of this article, for 1 < p < N, we let 

pN p(N-l) .... 

P.v := t; and q s := — . (2.3) 

N—p N~p 

If p > N, one has that 

W Lp (Q.) M-C ' 1 ^ (£2), (2.4) 

. Q y_N _ 

that is, the space W > P (Q.) is continuously embedded into C ' p (£2). For more details, we 
refer to (23] Theorem 4.7] (see also (19] Chapter 4]). 

For 1 < q < °o ; we define the Sobolev space W 1,l? (<?£2) to be the completion of the space 
C 1 (dQ.) with respect to the norm 



\\ u \\w l «(Ba) '■= / H q da+ \V T u\ q do 

\JdQ. JdD. 

where we recall that Vp« denotes the tangential gradient of the function u at the boundary 
<9£2. It is also well-known that W l,q {dQ.) is continuously embedded into L q <(d£t) where 

It : = N^Tj H I < q < N -I, and 1 < q t < <*> if q = N -1. Hence, for 1 < q < N- 1, 
there exists a constant C > such that 

ML.da < C\\u\\ W L q[dn) , for all u e W^dQ). (2.5) 

Let Xn denote the A^-dimensional Lebesgue measure and let the measure := Xn\q @ <7 
on £2 be defined for every measurable set A C £2 by 

jx{A) := X N {D.r\A) + a(AC\dQ). 

For p,q G [1,°°], we define the Banach space 

XM(5,M) := = : / € and g G L«(d£2)} 

endowed with the norm 

\\F\\ xl ,, m = \\\F\\\ p . g :=\\f\\ n , p +\\g\\ d ^ 

if 1 < p,q < °°, and 

ll^lli-v.(5 lM ) = HI F III» ==™«{ll/lk-.ll«lbn,-}- 
If p = g, we will simply denote || |F || | AP = || |F|| \ p . 

Identifying each function u G W ' p (£l) with U = (u,u\do.), we 

have that W^P{Q.) is a 

subspace ofZ^(Q,/x). 

For 1 < p,q < °°, we endow 

:= {1/ := (u,u| an ),ii G W^(£2), «b a G W 1 '"^)} 

with the norm 

ll^lk : = ll»llw 1 ./'(n) + ll M llw 1 .«(ao)! 

while 

%:={V = {u,u\ da ): ueW l '"{Q.)} 
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is endowed with the norm 

\\ u \\n ■= M\w l <p(ay 

It follows from ( l2.U - d2.2b that % is continuously embedded into X Ps ' q '(p.,^i), with p s 
and q s given by d2.31 >. for 1 < p < N. Moreover, by (12. U and (12.5b . ~f\ is continuously 
embedded into X Ps < q < (O, fl). 

2.3. Musielak-Orlicz type spaces. For the convenience of the reader, we introduce the 
Orlicz and Musielak-Orlicz type spaces and prove some properties of these spaces which 
will be frequently used in the sequel (see Section 5). 

Definition 2.3. Let (X,~L, v) be a complete measure space. We call a function B : X x R — >■ 
[0,°°] a Musielak-Orlicz function on X if 

(a) B(x, •) is non-trivial, even, convex for V-a.e. x £ X; 

(b) B(x, ■) is vanishing and continuous at Ofor V-a.e. x £ X; 

(c) B(x, ■) is left continuous on [0,°°); 

(d) B(-,t) isH-measurablefor allt £ [0,°°); 

(e) hm = oo. 

The complementary Musielak-Orlicz function B is defined by 
B(x,t) := sup{i|f | -B(x,s) : s > 0}. 
It follows directly from the definition that for t ,s > (and hence for all t,s £ R) 

st < B(x,t) +B(x,s). 

Definition 2.4. We say that a Musielak-Orlicz function B satisfies the (A^,)-condition 
(a > 1 ) if there exists a set Xo of V -measure zero and a constant C a > 1 such that 

B{x, at) < C a B(x,t), 

for all t £ R and every x £ X \ Xq. 

We say that B satisfies the (V^-condition if there is a set Xq of V-measure zero and a 
constant c > 1 such that 

B(x,t) < —B{x,ct), 
2c 

for all t £ R and all x£X \Xq. 

Definition 2.5. A function <t> : R — » [0,°°) is called an ,j¥ -function if 

• <t> is even, strictly increasing and convex; 

• 4>(f ) = if and only if t = 0; 

• hm = and hm = oo. 

t^Q t t^°= f 

We say that an ,yV -function <I> satisfies the (A2) -condition if there exists a constant 
C2 > 1 such that 

*(2f) <C 2 4>(f), for all t £ R, 
and it satisfies the (V ^-condition if there is a constant c > 1 such that 

<P(t) <<P(ct)/(2c), for all t £ R. 

For more details on jV -functions, we refer to the monograph of Adams 0] Chapter VIII] 
(see also (25] Chapter I], J26] Chapter I]). 
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Remark 2.6. For an ^-function 4>, we let <p be its left-sided derivative. Then <p is left 
continuous on (0,°°) and nondecreasing. Let y/ be given by 

y/(s) :=mf{t > : (p(t) >s}. 

Then 

r\'\ fW 
4>(0= / <p{s)ds; ¥(*):=/ \ir(s)ds = sup{\t\s-&(s):s>0}. 
Jo Jo 

As before for all s,t G R, 

st <<P(t)+*¥(s). (2.6) 
Moreover, if s = (p(t ) or t = y/(s) then we have equality, that is, 

y((p(t))=t(p(t)-<t>(t). (2-7) 

The function VP is called the complementary ./K-function of <t>. It is also known that an 
.yK-function 4> satisfies the (A2)-condition if and only if 

ctq>(t) < *(f) < r<p(r), (2.8) 
for some constant c e (0, 1] and for all t e R, where <p is the left-sided derivative of 4>. 

Lemma 2.7. Let <t> foe an JV -function which satisfies the (A2)-condition with the constant 
C2 > 1 and let \P be its complementary JV -function. Then *P satisfies the (V ^-condition 
with the constant c := 1 Cl . 

Proof. We have 

/it fit 
(p(s)ds<J <p(s)ds = <&{2t)<C 2 <&{t). 

Since <p{y{s)) > s for all s > and s/\P(s) and 5/ (,s — 1) are decreasing, we get for t := 
y/(s), that 

sy/(s) > y(y(j))y(j) = ry(r) = rp(r) > C 2 



«F( S ) " «F(p(yW)) *O(0) f 9(0 - *(0 - c 2 - 1 ■ 

Now let c := 2 C 2- 1 . Then for t > 0, 

v^); Jt "X *(c 2 -i) 

= ^rlnCc) = C 2 log(2) = ln(2 •2 C ^ 1 ). 
C 2 - 1 

Hence, ¥(t)2c < ¥(ct). □ 

Corollary 2.8. Let B be a Musielak-Orlicz function such that B(x, •) is an ,JV -function for 
V-a.e. x. IfB satisfies the (A®) -condition, then B satisfies the {y\^)-condition. 

Definition 2.9. Let B be a Musielak-Orlicz function. Then the Musielak-Orlicz space 
L B (X) associated with B is defined by 

L B (X) :— {u : X — > R measurable : p B (u/a) < °° for some a > 0}, 

where 

p B (v): = ( B(x,v(x))dv(x). 
Jx 

On this space we consider the Luxemburg norm \\ ■ \\x,b defined by 
\\u\\ X: b ■= inf{a > : p B (u/a) < 1}. 
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Proposition 2.10. Let B be a Musielak-Orlicz. function which satisfies the (V 2 ) -condition. 
Then 

Pr( u ) 
li m ' = +00. 

IMks^+°° \\ u \\x,b 

Proof. If B satisfies the (V^-condition, then there exists a set Xq C X of measure zero such 
that for every £ > there exists a = a(e) > 0, 

B(x,at) < aeB(x,t), (2.9) 

for all f G R and all x <E X\Zo. Let A e (O, 00 ) be fixed. For e := 1/A there exists a > 
satisfying the above inequality. We will show that p B (u) > k\\u\\xfi whenever ||m||x,b > 
1/a. Assume that > l/« and let 5 > be such that a = (1 + 8)/\\u\\x,b- Then 

p B (au)= / B(x,m(1 + 5)/||m||xb)^M 

> (1 + / z?(x, M (i + sy/viMM d/i > (1 + S) 1 - 1 /", 

for all n G N. If we assume that the last inequality does not hold, then 

IH| X|fl /(l + 5)G{a>0:p(u/a)<l}, 
and this clearly contradicts the definition of Therefore, we must have 

p B {au)>l + 8 = a\\u\\x. B - (2.10) 

From (|Z9i l, (TOOl . we obtain 

p B (u)= / B(x,u(x)) d[i > — / B(x,o:m(x)) = — p B (au) > A||m||xb- 

a ix a 

The proof is finished. □ 

Corollary 2.11. Let B be a Musielak-Orlicz function such that B(x, •) is an ,j¥ -function for 
V-a.e. x. If its complementary jV -function B satisfies the (A^j-condition, then B satisfies 
the condition and 

Pr( u ) 
ll«lkB->+~ \\u\x$ 

2.4. Some tools. For the reader's convenience, we report here below some useful inequal- 
ities which will be needed in the course of investigation. 

Lemma 2.12. Let a,b G R N and p G (I, 00 ). Then, there exists a constant C p > such that 

(\a\ p - 2 a - \b\ p - 2 b) (a~b)> C p (\a\ + \b\) p ~ 2 \a - b\ 2 > 0. (2.1 1) 

If p G [2,°o), then there exists a constant c p £ (0, 1] such that 

{\a\ p - 2 a - \b\ p - 2 b) {a~b)> c p \a -b\ p . (2.12) 

Proof. The proof of (12.12b is included in ifTOl Lemma 1.4.4]. In order to show (12. lit , one 
only needs to show that the left hand side is non-negative, which follows easily. □ 

The following result which is of analytic nature and whose proof can be found in ll22l 
Lemma 3.11] will be useful in deriving some a priori estimates of weak solutions of elliptic 
equations. 
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Lemma 2.13. Let y/ : [&o,°°) — > R be a non-negative, non-increasing function such that 
there are positive constants c, a and 8 (8 > I) such that 

\lf(h)<c(h-k)-"y(k) s , Vh>k>k Q . 

Then w{ko + d) = with d = c 1 / a ^('to) (5_1)/a 2 5 ( 5 - 1 ). 



3. The Fredholm alternative 

In what follows, we assume that £2 C R N is a bounded domain with Lipschitz boundary 
dCl. Let b £ L°°(dQ.) satisfy b(x) >bo>0 for some constant bo. Let X2 be the real Hilbert 
space L 2 (£2, dx) © L 2 (<3£2, ^). Then, it is clear that X 2 is isomorphic to X 2 ' 2 (U, X N © a) 
with equivalent norms. 

Next, let p € {0, 1} and p,q e (1,+°°) be fixed. We define the functional c fl p : X2 — > 
[0, +°°] by setting 

Vu\ p dx+-j^p\V T u\ q da, ifU = (u,u ]da ) &D{f p ), 

ifu eX 2 \D(^ P ), 

where the effective domain is given D(j? p ) = Y p n X2. 

do 

Throughout the remainder of this section, we let a := An © — ■ The following result 

b 

can be obtained easily. 




Proposition 3.1. The functional ^f p defined by ( 15.71 ) is proper, convex and lower semicon- 
tinuous on X2 = X 2 ' 2 (Q.,fl). 

The following result contains a computation of the subdifferential d J? p for the func- 
tional J! p . 

Remark 3.2. Let U = (u,u\ dn ) ^D{J p ) and let F := (f,g) e d / P {U). Then, by defi- 
nition, F G X2 and for all V = (v,v\jq) G D{^ p ), we have 

F(V-U)dn<- [ (\Vv\ p -\Vu\n dx+-p [ ( |v r v|«-|V r w|« J da. 



p Ja \ J q Ja 

Let W = (w,w\da) 6 D(^ p ), < f < 1 and set V := fW + U above. Dividing by t and 
taking the limit as t 4. 0, we obtain that 

[_FW d/X < [ \Vu\ p - 2 Vu-Vwdx + p [ | V r |^ 2 V r w ■ V r w«ic7, (3.2) 
Jn Jan 

where we recall that 

(f(7 



Ja Jda b 

Choosing w = ±y with 1// g S>(£1) (the space of test functions) and integrating by parts in 
( I3.21 i. we obtain 

-A p u = f in ^(fl) 

and 

g — b{x) \Vu\ p ~ 2 d n u — pb(x)A q pu weakly on dQ.. 
Therefore, the single valued operator d ^ p is given by 

D (dfp) = {U={u,u\ da )^D{f p ), (-A p u,b(x)\Vu\ p - 2 d n u-pb(x)A c ,. r u) e 
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and 

d fp{U) = (-& P u,b(x)\Vu\ p - 2 d n u - pb{x)A qX u S j . (3.3) 

□ 

Since the functional ^ p is proper, convex and lower semicontinuous, it follows that its 
subdifferential d J! p is a maximal monotone operator. 

In the following two lemmas, we establish a relation between the null space of the 
operator A p := d p and its range. 

Lemma 3.3. Let jY (Ap) denote the null space of the operator A p . Then 

JY{A p ) =C1 = {C= (c,c) : ceR}, 
that is, JY (Ap) consists of all the real constant functions on £1. 

Proof. We say that U G JY (A p ) if and only if (by definition) U = [u,u\g^) is a weak 
solution of 

{— A„u = 0, in £2, 

(3 4) 
b(x) \Vu\ p ~ 2 d„u- pb(x)A qJ -u = 0, on d£l. 

A function U = (u,u\jq) G "fp n X 2 is said to be a weak solution of d3.41 >. if for every 
V = (v,v|an) G y p nX 2 , there holds 

£/JU,V):= { \Vu\ p ~ 2 Vu-Vvdx + p [ |V rM |^ 2 V r « • V r v da = 0. (3.5) 
Jsi Jdn 

Let C := (c,c) with c G R. Then it is clear that C G JY {Ap)- 

Conversely, let U — (u,u\jq) G JY (A p ). Then, it follows from (13.5b that 

£/ p (U,U):= I I Vu\ p dx + p [ \V r u\ q da = Q. (3.6) 

JQ. JdQ. 

Since £2 is bounded and connected, this implies that u is equal to a constant. Therefore, 
U = C\ and this completes the proof. □ 

Lemma 3.4. The range of the operator A p is given by 

&(Ap) = If := (f,g) G X2 : [_F d\l := / / dx+ f g£^=0 



n' Jdo. b(x 

Proof. Let F G M(A p ) c X 2 . Then there exists t/ = G D(A p ) such that A p (i/) = 

F. More precisely, for every V = (v, v|^q) G "^p n X 2 , we have 

(U.V) = f \Vu\ p - 2 Vu-Vvdx + p [ \V r u\ c '- 2 V r u-V r vd(7 (3.7) 
Jo. J(9a 

= f_FV d\i. 
Ja 

Taking V = (1, 1) G % nX 2 , we obtain that _F dfi = 0. Hence, 

in 

^{Ap) C |f G X 2 : j^F rf/i = j 
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Let us now prove the converse. To this end, let F £ X2 be such that _F dji = 0. We 

Jn 

have to show that F £ M{A p ), that is, there exists U £ f p n X2 such that d3~7l i holds, for 
every V <E 7^, fl X2. To this end, consider 

%o ■= \u = (u,u\ aa ) £ %nX 2 : [_U du:= [ udx+ [ u—=0 
I " Jn Jn Jdn b 

It is clear that ^, is a closed linear subspace of fp n X2 X2, and therefore is a reflexive 
Banach space. Using [18, Section 1.1], we have that the norm 

l^lk Pi0 :=||Va||^ + p||Vr«||,, an 

defines an equivalent norm on fpf). Hence, there exists a constant C > such that for 
every U £ V p $, 

|||t/|||2<C||C/|| rp0 :=||V«|| P .a + p||V r «||^a- (3.8) 
Define the functional & p : y p>0 -> R by 

■Pp(U) = - f \Vu\ p dx + -[ \V r u\ c 'da- [_FUdu. 
p Jn q Jdn Jn 

It is easy to see that & p is convex and lower-semicontinuous on X 2 (see Proposition l3.11 >. 
We show now that 3? p is coercive. By exploiting a classical Holder inequality and using 
we have 



l_FU d\l 
n 



<C|||F||| 2 |||I/||| 2 <C|||F||| 2 ||I/|| ypi0 



= C|||F||| 2 (||V«||^ + p||VrH||,, an ) 

Obviously, this estimate yields 



LFC/^>-C|||F||| 2 (||V M [[ Pi n + p||VrM|| 9 , 5 a). (3.9) 
Therefore, from ( 13.9) , we immediately get 

M^ > MZjk±g^ C , IIFII , 

l|t%, " l|V«||^+p||V r «||,,a 2 ' 
This inequality implies that 

hm — J -- = +00, 

wy p>0 ^+°° \\ U \W P , 

and this shows that the functional & p is coercive. Since & p is also convex, lower- 
semicontinuous, it follows from [3 Theorem 3.3.4] that, there exists a function U* £ Y p fi 
which minimizes J^p. More precisely, for all V £ ~f P fi, & p (U*) < ,^ p (V); this implies 
that for every < t < 1 and every V £ ?p,o, 

&p{U*+tV)-& p (U*) >0. 

Hence, 

x . m ^ p {u*+tv)-^ p {u*) ^ Q 

rj.0 f 
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Using the Lebesgue Dominated Convergence, an easy computation shows that 

no t Ja 

+ p [ |VrM*|^ 2 Vr M *-V r yt/c7- (_FV dp. 
Jda Ja 

Changing V to — V into ( 13.101 ) gives that 

\Vu*\ p ' 2 Vu* -Vvdx+p [ |V r M*|^ 2 V r M*-V r viia= [_ FV dn, (3.11) 
Jda Ja 

for every V <E Y p , . Now, let Vef p nX 2 . Writing V = V-C + C with C = (c, c) , 

1 / f , f da 

v dx + / v 



(A[ + A 2 ) V-'n -Ata & 
and using the fact that IF djX — 0, we obtain, for every V efpfl X 2 , that 



|V M *| p - 2 V M *-Vvrfx + p / |VrM*|^ 2 Vr«* -V r v da = _FV dp,. 

Jda Ja 

Therefore, A p (U) =F. Hence, F € M(A p ) and this completes the proof of the lemma. □ 



The following result is a direct consequence of Lemmas 13.31 13T41 This is the main result 
of this section. 

Theorem 3.5. The operator A p — d ^f p satisfies the following type of "quasi-linear" Fred- 
holm alternative: 

3? (A p ) = jV (Ap) 1 - = {feX 2 : (F, 1) Xj = o} . 

4. Necessary and sufficient conditions for existence of solutions 

In this section, we prove the first main result (cf. Theorem II. Il l for problem (II. lb . 
Before we do so, we will need the following results from maximal monotone operators 
theory and convex analysis. 

Definition 4.1. Let Jtf be a real Hilbert space. Two subsets K\ and K2 ofJ4? are said to be 
almost equal, written, K\ ~ K% , ifKi and K2 have the same closure and the same interior, 
that is, K\ — K2 and int (K\ ) = int (K2) . 

The following abstract result is taken from [8. Theorem 3 and Generalization in p. 173- 
174]. 

Theorem 4.2 (Brezis-Haraux). Let A and B be subdifferentials of proper convex lower 
semicontinuous functionals <Pj and <p 2 , respectively, on a real Hilbert space ffl with 
D(<Pj) nD(^ 2 ) 7^ 0> and let C be the subdifferential of the proper, convex lower semi- 
continuous functional <P] + <p 2 , that is C — d(<Pi + <p 2 ). Then 



M(A)+M(B)dM(C) and Int(M(A)+M(B)) cM(C) 
In particular, if the operator A +B is maximal monotone, then 

3!(A+B)~3?(A)+^(B), 
and this is the case if d (<p j + <p 2 ) = <5<Pi + <5<p 2 . 



QUASI-LINEAR ELLIPTIC BOUNDARY VALUE PROBLEMS AT RESONANCE 



13 



4.1. Assumptions and intermediate results. Let us recall that the aim of this section is 
to establish some necessary and sufficient conditions for the solvability of the following 
nonlinear elliptic problem: 

-A p u + oti (u) = f, in £2, 

(4.1) 

b(x) \Vu\ p ~ 2 d„u — pb(x) A q ^u + a 2 (u) = g, on <9£2, 

where p,q G (1,+°°) are fixed. We also assume that a ; : IR — > IR (j = 1,2) satisfy the fol- 
lowing assumptions. 

Assumption 4.3. The functions <Xj : R — > R (J = 1,2) are odd, monotone nondecreasing, 
continuous and satisfy 0! ; (0) = 0. 

Let a,j be the inverse of aj. We define the functions Ay, A; : IR — > R + (j = 1,2) by 



A/(/) := / a;{s)ds and A /(f) := / a;(s)ds. (4.2) 
Jo Jo 

Then it is clear that A ; -, Aj are even, convex and monotone increasing on R + , with A ; (0) = 
Aj(0), for each j = 1,2. Moreover, since aj are odd, we have a'j (f) = aj (f ) , for all t G IR 

and j = 1,2, with a similar relation holding for Aj as well. The following result whose 
proof is included in [25 Chap. I, Section 1.3, Theorem 3] holds. 

Lemma 4.4. The functions Aj and Aj (j= 1 , 2) satisfy ( 12.61 ) and ( 12.71 ). More precisely, 
for all s,t G R, 

st<Aj(s)+Aj(t). 
If s = aj(t) ort = CCj(s), then we also have equality, that is, 

A; («/(•*)) = -Ay(i), 7 = 1,2. 

We note that in [25], the statement of Lemma l4~4l assumed that A ; -, Aj are .vK-functions 
in the sense of Definition 12.51 However, the conclusion of that result holds under the 
weaker hypotheses of Lemma l4~4l 

Define the functional : J. 2 -> [0, +°°] by 

[ A l (u)dx+ [ A 2 (v)-£, if («,v)eD(/2), 

if(u,v)£X 2 \D(J 2 ), 
with the effective domain 

da 
~b~ 

Lemma 4.5. Let aj (j = 1,2) satisfy Assumption 14.31 Then the functional is proper, 
convex and lower semicontinuous on f, 2 . 

Proof. It is routine to check that ^ 2 is convex and proper. This follows easily from the 
convexity of Aj and the fact that A jiff) = 0. To show the lower semicontinuity on X2, let 
U„ = (u„,v„) G D( a f 2 ) be such that U n — >• U := {u,v) in X2 and ^{Un) < C for some 
constant C > 0. Since U„ — > U in X2, then there is a subsequence, which we also denote 
by U n = (u n ,v n ), such that u„ — > u a.e. on £2 and v„ — > v c-a.e. on T. Since A/(-) are 
continuous (thus, lower-semicontinuous), we have 

Ai(w) < liminfAi(M„) and A2(v) < liminf A2(v„). 



D{J 2 ) := i (u,v) G X 2 : / Ai(n) / A 2 (v) ^ • - 

I JO JdQ. 
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By Fatou's Lemma, we obtain 

A\(u)dx < I liminf Ai {u n )dx < liminf / A\(u n )dx 



and 

A 2 (v)— </ liminf A 2 (v„)— < liminf / A 2 (v„) — . 

Ida O JdQ. n->°° O JdQ D 

Hence, & 2 is lower semicontinuous on X 2 . □ 



We have the following result whose proof is contained in [25 Chap. EH, Section 3.1, 
Theorem 2]. 

Lemma 4.6. Let a.j (j = 1,2) satisfy Assumption \4.3\ and assume that there exist constants 
Cj > 1 (j = 1,2) such that 

Aj(2t) < CjAj(t), for all t G R. (4.3) 
Then D{J? 2 ) is a vector space. 
Let the operator B 2 t> e defined by 

(D (B 2 ) = {U := (it, v) G X 2 : («i (it) , a 2 (v)) G X 2 } , 
\s 2 (I7) = (oi(m), a 2 (v)). 
We have the following result. 



Lemma 4.7. Lef f/ie assumptions of Lemma \4. 61 be satisfied. Then the sub differential of 
J?2 and the operator B 2 coincide, that is, for all (it, v) G D(B 2 ) = Z)(<9 _X 2 ), 

d/ 2 {u,v) =B 2 (u,v). 

Proof. Let t/ = (m,v) G D(J 2 ) and F = (/,g) G 5 ^(w.v). Then by definition, FeX 2 
and, for every V = («i,vi) G D( a f 2 ), we get 

/ F(V -U)dll< J? 2 (V) - f 2 {U). 
Jq 

Let V = C/ + fW, with W = (w 2 ,V 2 ) G £>(^ 2 ) and < t < 1. Then by Lemma l4~6l V = 
t/ + fW G D( a ^ 2 ). Now, dividing by t and taking the limit as t i 0, we obtain 

/ Fffrffi< [ ai(u)u 2 dx+ [ a 2 {v)v 2 ^-. (4.5) 
Ja ia Jan o 

Changing W to — W in (14.51 ) gives that 



l_FWdn= [ ai{u)u 2 dx+ [ a 2 {v)v 2 -^-. 
In particular, if W = (« 2 ,0) with m 2 G ^(fi), we have 

/m 2 dx= 0Ci(u)u 2 dx, 



and this shows that ai (it) = /. Similarly, one obtains that a 2 (v) = g. We have shown that 
U G D(B 2 ) and 

B 2 (C0 :=B 2 (",v) = (ai(«), o 2 (v)) = (/,g). 
Conversely, let C/ = (m,v) G D(B 2 ) and setF = (f,g) :=B 2 (u,v) = ((X\(u),a 2 (v)). Since 
(0£i(w),0£ 2 (v)) G X 2 , from d4~2l and (l4~3l l. it follows that 

Ai(i*)cfoc + / A 2 (v)— <oc. 

JdQ. b 
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Hence, U = («,v) € D{ c f 2 ). Let V = («i,vi) G D{ a f 2 ). Using Lemma |4~41 we obtain 

ai(t<)(Mi — m) = ai(w)Mi — o:i(m)m (4.6) 
< Aj(mi) +Ai(ai(«)) — (Xi(m)h 
= Ai(mi)-Ai(m) 

and similarly, 

a2(v)(vi-v) <A 2 (vi)-A 2 (v). 

Therefore, 

[_F(V — U) dji = [ a\(u){ui—u)dx+ ( 0t2(v)(vi— v)-^ 
Ja Jo, Jdo. b 

<Mv)-Mu)- 

By definition, this shows that F = [d\ («), Gt 2 (v)) — B 2 (U) G d Ji(lJ). We have shown 
that U e D(d J 2 ) and B 2 (U) G 5 ^(U). This completes the proof of the lemma. □ 

Next, we define the functional S^.p : X 2 — > [0, +°°] by 

t (m= [MU) + MU) XUeD{f^ p ):=D{/ p )nD{f 2 ), 

^■' PK ' \+°° if ^X2\D(/3,p). 

Note that for p = 0, 

D(/3,o) = {f/ = Man) G 0(^2) : « G W^ffl) nL 2 (fl), M | an G L 2 (d£2)}, (4.8) 
while for p = 1 , 

D(Ai) = {f/ = (H,a| an ) 6D(/ 2 ) : u e W Lp (£2)nL 2 (£2), e W u '(d£2)nL 2 (d£l)}. 

(4.9) 

We have the following result. 

Lemma 4.8. Let the assumptions of Lemma \4. 6\ be satisfied. Then the subdifferential of 
the functional J?t,, p is given by 

D{df X p) = {U = («,«|an) eO(Ap) : -A„k + a Y (a) G L 2 (£l) 

ant/ I Vm| p ~ 2 <3„m - b{x)pA ChT u + a 2 («) G L 2 (dQ.,d(j/b) } 

ana' 

d Jf i:P (U)= ( -A ; ,M + ai(M),fe(x)|VM| / ^ 2 5„ M -fo(x)pA 9 xM + «2(«) )■ (4.10) 



In particular, if for every U = (u,u^q) 6D(/3,p), thefunction (ai(u),CC2{u)) G X 2 , fnen 

^/3,p := <5(^ P + ,/ 2 ) = djp+d Si- 
Proof. We calculate the subdifferential d ^.p. Let F = (f,g) € d J^.pifJ), that is, F G 
X 2 , [7 G D( £ / 3>P ) = D{J p ) C\D( J 2 ) and for every V G £>(Ap)< we have 



F{V -U)dpL< f Xp {V)- f Xp {U). 

Proceeding as in Remark IX2l and the proof of Lemma 14771 we obtain that 

-A p u + cci{u) = f in ^(£2)', 

and 

— b(x)pAq i rU + (X 2 (u) =g weakly on <9£2. 
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Noting that d ^3,p is also a single-valued operator (which follows from the assumptions 
on <Xj and Aj), we easily obtain ( 14.1 Oi l, and this completes the proof of the first part. 

To show the last part, note that it is clear that d + d a f 2 C d J'^.p always holds. 
To show the converse inclusion, let assume that for every U = (u,u\go) £ D(^ tP ), the 
function (ofi(w), 0£ 2 (")) € X 2 . Then it follows from (fOi (|4~4t (since 9^2= B 2 ) and 
d4l0j,thatD(5^3,p) = D(df p )DD(dJ 2 ) and 

•5 ^3,p{U) = (-& p u + a\{u),b{x)\Vu\ p ~ 2 d n u-b(x)pA q xu + <X 2 {u)) 

= (—A p u,b(x)\Vu\ p ~ 2 d„u — b(x)pA q! ru) + (qei (u), a 2 (u)) 

= df p {u)+dMu). 

This completes the proof. □ 

The following lemma is the main ingredient in the proof of Theorem l4. 1 1 I below. 
Lemma 4.9. LetB\ :—A p and set B3 := d ^3. p. Then 

3$(Bi)+M(B 2 ) C^{B 3 ) and lnt(M(Bi) +&(B 2 )) C @{B 3 ). (4.11) 
In particular, if for every U = (w,W|<}n) G ^(<*^3,p)i the function (a\ (m), CC2(u)) £ X 2 , then 
#(JJ 3 ) ■=M{B l +B 2 )~@{B l )+@{B 2 ). (4.12) 



Proof. By Remark [3721 and Lemmas 14.71 14.81 the operators B\, B 2 and B3 are subdiffer- 
entials of proper, convex and lower semicontinuous functionals ^/p, ^2 and ^p + ^2, 
respectively, on X 2 . Hence, Bi, B 2 and B3 are maximal monotone operators. In particu- 
lar, if (ai(u),a 2 (u)) £ X 2 , for every U = {u,U\gn) eDf^.p), then by Lemma l4~8l one 
has B3 = B\ + B 2 . Now, the lemma follows from the celebrated Brezis-Haraux result in 
TheoremlO □ 



4.2. Statement and proof of the main result. Next, let Y p := D{^^ p ) be given by ( 14.8b 
ifp =0 and by g^ifp = 1. 

Definition 4.10. Let F = (f,g) £ X 2 . A function u £ W 1,p (£2) is said to be a weak solution 
of (|4~TT>. ifai(u) £L\£l), a 2 (u) £L 1 (dQ.), u\ dn £W lci (dQ.),ifp > and 



In 



Vu\ p ~ 2 Vu-Vvdx + p / |V rM |^ 2 V r M-V r v,i(7 (4.13) 
Jdn 

(X\{u)vdx+ [ a 2 (u)v — = f fvdx+ [ gv — , 
Jdn b Jn Jdn b 

for every v £ W l > p {Q.)nC(U) with v\ da £ W^dO.), ifp > 0. 

Recall that X\ := f^dx and X 2 := f We also define the average (F)q of F = 

Jdn b 

(f,g) with respect to the measure pi 1 as follows: 



(F) n := -J=r f_ Fdn = —7=r ( f fdx+ f g^- 
li (£2) Jn fi (£2) \Jn Jdn b 

where (£2) = A 1 + X 2 . Now, we are ready to state the main result of this section. 

Theorem 4.11. Let CCj (j = 1 , 2) satisfy Assumption \4.3\ and assume that the functions Aj 
(/' = 1,2) satisfy (14.31 >. Let F = (f,g) £ X 2 . The following hold: 

(a) Suppose that the nonlinear elliptic problem (14. U possesses a weak solution. Then 

XiM{ ai) + X 2 M {a 2 ) 
X\+X 2 



F) n g — (4.14) 
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(b) Assume that 

A i + A2 

Then the nonlinear elliptic problem ( 14.11 ) has at least one weak solution 



Proof. We show that condition (14.14b is necessary. Let F :— (f,g) G X 2 and let U = 
( M )"|5n) £ D(Bj,) C Y p be a weak solution of Z?3t/ = F. Then, by definition, for every 
V = (v,v| an ) G f p , d4~T3b holds. Taking v = 1 in d4~13l l yields 

[ f dx+ [ g — = / Ct\ (u)dx+ ( a 2 (u) ■ ° 
Ja Jda b Ja Jda 



Hence, 

da 



b 



fdx+ g — e{X l M{a l ) + X 2 ^{a 2 )), 
Jda b 

and so ( 14.141 1 holds. This completes the proof of part (a). 

We show that the condition (14.15b is sufficient, 
(i) First, let C G C, where 

C: = {C= ( Cl ,c 2 ) : (ci,c 2 ) G M{a x ) x ^(a 2 )} • 

By definition, one has that Ccf (B 2 ) since c; = a,\ [d\ ) for some constant function d\ on 
£2 and C2 = <X 2 (d 2 ) for some constant function o?2 on <9£2. Let F G X2 be such that ( 14.15b 
holds. We must show Fe J (-83)- By ( 14.15b . we may choose C = (c\,c 2 ) G C such that 

A lCl +A 2 c 2 . /Ai#(ai) + A 2 #(a 2 ) 

V s )n = — — n — e int 



A1 + A2 \ Ai+A 2 

Then, for F G X 2 , we have F = F\ + F 2 with 

Fi :=F-C and F 2 = C. 
First, F] eM(Bi) = jY (B X ) L = l x , since 

LFid^i = [_(F-C)dn 
a Ja 

fdx+f g^--(Xici+X 2 c 2 ) 
Jda b 

= (A 1 +A 2 )(F)jj-(A 1 c 1 +A 2 c2)=0. 
Obviously, F2 = C G t%{B 2 ). Hence, it is readily seen that 

Fe(f(5,) + J(8 2 )), 
(ii) Next, denote by Br (jc, r) the open ball in R of center x and radius r > 0. Since 

/ Al^'(al) + A2^'(a2) , 



there exists 8 > such that the open ball 

'Ai^(ai) + A 2 ^(a2) 



B R ((F) n ,5)c 

Since the mapping F n- (F)^- from X2 into R is continuous, then there exists £ > such 
that 

( G ) Sg B.((F )s , S )c( j^M±|f ' tt2 »' 
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for all G G X2 satisfying |||F — 1 1 1 2 < £■ It finally follows from part (i) above that 
(3% (B\) + & {B2)) contains an e-ball in X2 centered at F. Therefore, 

Consequently, problem ( 14. U is (weakly) solvable for every function F = (f,g) G X2, if 
(14.15b holds. This completes the proof of the theorem. □ 

Remark 4.12. It is important to remark that in order to prove Theorem \4.11\ we do not 
require that (tt\ (u), Oliiu)) should belong to ^i^for every U = {u,utp) G D{ a ^ 3 p). In 
particular, only the assumption \4.11\ was needed. However, if this happens, then we get 
the much stronger result in i4.12\) which would require that the nonlinearities a 1 , 01 2 satisfy 
growth assumptions at infinity. 

We conclude this section with the following corollary and some examples. 

Corollary 4.13. Let the assumptions of Theorem \4.11\ be satisfied. Let F = (f,g) G X 2 . 
Assume that at least one of the sets M((X\), 3$ ((X2) is open. Then the nonlinear elliptic 
problem ( 14. Il l possesses a weak solution if and only if ( 14.151 ) holds. 

Remark 4.14. Similar results to Theorem \4.11\ and Corollarv \4.13\ were also obtained in 
lfl2l Theorem 4.4], but only when p = q = 2. 

4.3. Examples. We will now give some examples as applications of Theorem l4.1 II Let/?, q G 
(l,+oo) be fixed. 

Example 4.15. Let (X\ (s) or oc 2 (s) be equal to a(s) — c \s\ r ~ 1 s, where c, r > 0. Note that 
M{(X) = R. It is easy to check that a satisfies all the conditions of Assumption \4~3\ and 
that the function A(t) = /J cc(s)ds satisfies A4.3h Then, it follows that problem \4.1\ is 
solvable for any f G L 2 (£2) , g G L 2 (<9£2). 

Example 4.16. Consider the case when p — a 2 = in A4.1h that is, consider the following 
boundary value problem: 

—A p u + <X\ (u) = f in fi, 
b(x)\Vu\ p ~ d n u = gonT. 

Then, by Theorem \4.11\ this problem has a weak solution if 

fdx+f g G X\int{M{a\)), 
Jda b 



(4.16) 



which yields the classical Landesman-Laze r result (see ( 17.61 )) for g = and p = 2. 

Example 4.17. Let us now consider the case when (X\ = Ct and a 2 = 0, where a is a 
continuous, odd and nondecreasing function on R such that a (0) = 0. The problem 

—ApU + a(u)=f, in£l, 
b (x) \Vu\ p ~ 2 d„u — pb (x) A q YU = g, on <9£2, 

has a weak solution if 

J a fdx+J aa g^eX 2 int(a(a)y (4.17) 

Let us now choose a (s) — arctan (s) in H4.16h Then, it is easy to check that 

/■I'l 1 / ^ 

A(f):= / a(s)ds = If I arctan (If I) - -ln(l +r) , t G R 
Jo 2 
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is monotone increasing on R + and that it satisfies A(2f ) < C2A(f ), Vf G R, /or some con- 
stant Ci > 1. Therefore, \4.17\ becomes the necessary and sufficient condition 



1 

AT 



/ c/x- 



(9a 



da 
~b 



< 



(4.18) 



5. A PRIORI ESTIMATES 



Let £2 C R N be a bounded Lipschitz domain with boundary <9£2. Recall that 1 < p, q < °o, 
p G {0, 1} and G L°°(<9£2) with £>(x) > &o > 0; f° r some constant &q. We consider the 
nonlinear elliptic boundary value problem formally given by 



-A p u- 



■ a,\{x,u) 



■f, 



in £2 



(5.1) 



—pb(x)A c/ ^u + pb(x)\u\ q 2 u + b(x)\Vu\ p 2 d„u + a 2 (^,«) = g, on <9£2, 



where / G L Pl (£2) and g G L gi (d£l) for some 1 <p\.q\ < °°. If p = 0, then the boundary 
conditions in ( 15. Il l are of Robin type. Existence and regularity of weak solutions for this 
case have been obtained in [5 1 for p — 2 (see also [29] for the linear case) and for general 
p in (6|. Therefore, we will concentrate our attention to the case p = 1 only; in this case, 
the boundary condition in d5.U is a generalized Wentzell-Robin boundary condition. For 
the sake of simplicity, from now on we will also take b = 1 . 

5.1. General assumptions. Throughout this section, we assume that the functions <X\ : 
flxR^K and : dQ. x R — > R satisfy the following conditions: 



Assumption 5.1. 



(Xj(x, •) is odd and strictly increasing, 
CCj(x,0) = 0, GCj(x, •) is continuous , 



lim 



(Xj(x,t) 



0. lim 



Gtj(x,t) 



t t 
for X^-a.e. x G £2 if j — 1 and O-a.e. x G dQ. if j = 2. 

Since (Xj(x, •) are strictly increasing for Aw-a.e. x G £2 if 7 = 1 and c-a.e. x G <9£2 if 
j = 2, then they have inverses which we denote by aj(x, •) (cf. also Section 4). We define 
the functions Ai, Ai : £2 x R -> [0,°°) and A2, A2 : <3£2 x R — > [0,») by 

r\t\ ~ f|<|„ 

A ; -(x,f) := y (Xj(x,s)ds and Ay(x,f) := y (Xj(x,s) ds. 

Then, it is clear that, for AAr-a.e. x G £2 if 7 = 1 and a-a.e. x G <3£2 if j = 2, A ; (x, •) and 
Aj(x,-) are differentiable, monotone and convex with Ay (x,0) =Aj(x,0) =0. Furthermore, 
Aj(x, •) is an ,/K-function and Aj(x, •) is its complementary ,yK-function. The function A 7 - 
is then the complementary Musielak-Orlick function of A ; in the sense of Young (see 
Definition ^. 31 l. 

Assumption 5.2. We assume, for Xj^-a.e. x G £2 if j = 1 and a-a.e. x G <9£2 if j = 2, that 
Aj(x, •) and Aj(x, •) satisfy the ( A2)-condition in the sense of Definition \2.5\ 

It follows from Assumption l5.2l that there exist two constants c\,C2 G (0,1] such that for 
Ajy-a.e. x G £2 if j = 1 and a-a.e. x G <3£2 if 7 = 2 and for all t G R, 

Cjt(Xj(x,t) < Aj(x,t) < ta.j(x,t). (5.2) 
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Next, let 



and 



L Al (£2) := < u : £2 — > R measurable: / Ai (x, u)dx < °° 



L^ 2 (dQ.) :— |m : dD. —> R measurable: ^ A2(x,m)c/<7 < oo| . 



Since A ; (x, •) and A ; (x, •) satisfy the (A2)-condition, it follows from [1 , Theorem 8.19], 
that Laj (£2) and La 2 (<?£2), endowed respectively with the norms 

u(x) 



and 



«||ai,q : = mr { k > : / Ai x, — — ) dx < 1 



"llA 2 ,<5n:= inf U>0: / A 2 x 



d£2 



u(x) 



da < 1 



are reflexive Banach spaces. Moreover, by 0] Section 8.1 1, p. 234], the following general- 
ized versions of Holder's inequality will also become useful in the sequel, 



/ 

Jn 



uvdx 



<2||«|| Al) n||v|| Xi)£J 



and 



uv do 



da 



<2||«||A,,an||v| 



(5.3) 



(5.4) 



5.2. Existence and uniqueness of weak solutions of perturbed equations. Let 

Y : = {u := {u,u\ da ) : u G W Lp (£2) rU A] (£2), u {dn 6 ^(dfl) nL A2 (d£2)}. 
Then for every 1 < p,q < °°, Y endowed with the norm 

\\U\\t = \\u\\ w i, P (a) + M\A h Q + \\u\\w^(da) + II m IIa 2 ,3£1 

is a reflexive Banach space. Recall that p = 1 . Throughout the following, we denote by Y' 
the dual of Y. 

Definition 5.3. A function U = (u,u\da) 6 Y is said to be a weak solution of (15. U . if for 

every V E Y = (v,v| 3n ), 

(5.5) 



&/(U,V) = / + / gvda, 
Jn Jsn 

provided that the integrals on the right-hand side exist. Here, 



Vu\ p - 2 Vu-Vvdx- 



u\ p 2 uvdx 



/ ai(x,u)vdx+ / V r «|' ? 2 V r u-V r vda 
Jn Jan 

u\ q ~ 2 uvdo + I (X2(x,u)vdG. 



Lemma 5.4. Assume Assumptions \5.1\ and \5.2\ Let 1 < p,q < °° and U eY be fixed. Then 
the functional V H» £/(U,V) belongs to Y'. Moreover, si is strictly monotone, hemicon- 
tinuous and coercive. 
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Proof. Let U = (u,u\go) E "V be fixed. It is clear that srf (U, •) is linear. Let V = (v,v|^fj) £ 
"V . Then, exploiting ( 15.31) and d5.41 i, we obtain 

K(f/,V)| < ||"||^ (n) l|v|L Mn) + ll"ll^ (5n) l|v|| w i,^n) (5-6) 



+ 2max<^ 1, / Ai(x,CCi(x,u))dx \ ||v|| Al ,o 



+ 2max jl,y^A 2 (x,a 2 (>,M)) afa j ||v|| A2j3£J 
<#(£/) ||V|| y , 

where 

A-(t/) :=||M||^ (n) +2max|l,^A 1 (x,a 1 (x, M ))^| 

+ II " II w 1 + 2 max { 1 > J da ^ 2 ( x ' az (*' ") ) da 

This shows ^(C/, •) e ^' , for every [/ef 

Next, let U,V E V . Then, using (12. lit and the fact that OCj(x, •) are monotone nonde- 
creasing, that is, (<Xj(x,t) — (Xj(x,s))(t — s) > 0, for all t,s G R, we obtain 

£/(U,U -V)-£f(V,U -V) (5.7) 



= y (|V M |"- 2 V M -|Vv|"- 2 Vv)-V( M -vyx + y (\u\ p - 2 u-\v\ p - 2 v)(u-v)dx 
+ (ai(x,u) — a\(x,v))(u — v)dx+ / (|m|' ? ~ 2 m— |v| 9 ~ 2 v) (m — v)c/ct 
(| V r w| 9 ~ 2 V r K - |V r v|''- 2 Vv) • V r (« - v)dcr 



+ / (cc2(x,u) — oci(x,v))(u — v)do 
Jdn 

> f (|V M | + |Vv|) / '~ 2 |V(w-v)| 2 dx + / (\u\ + \v\) p - 2 \u-v\ 2 dx 

(|V rM | + |V r v|) p ~ 2 |V r ( M -v)| 2 <ic7+ f (\u\ + \v\) p ~ 2 \u-v\ 2 do 

Jda 



>0. 

This shows that si is monotone. The estimate ( 15. 7t also shows that 

#f(U,U -V) - £f(V,U -V) >0, 

for all U,V £ V with U =£V, that is, m 7^ v or ^ vbn- Thus, is strictly monotone. 

The continuity of the norm function and the continuity of <Xj(x, •), j — 1,2 imply that 
sai is hemicontinuous. 

Finally, since A ; and A ; - satisfy the (A^-condition, from Proposition 12. 1 01 and Corol- 
lary [2TT] it follows 

hm ln , v ' ; — = +oc, and hm Jda ' = +00. 

IMIa,.£2->+°° IMIa 1: o. II"IIa 2 .<?£2^+ 00 ll«llA 2 ,an 

Consequently, we deduce 

*{U,U) 

|[i/|ffV Mr ' 1 J 



which shows that &/ is coercive. The proof of the lemma is finished. □ 
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The following result is concerned with the existence and uniqueness of weak solutions 
to problem (15. U . 



Theorem 5.5. Assume Assumptions 15. 1 1 and \5. 21 Let 1 < p,q <°°, p\ > and qi > q*, 

where p* := p/{p — 1) and q* :~q/(q— 1). Then for every (f,g) 6X' l| *(Q,/j), f/zere 
ex/sfs a unique function U EY which is a weak solution to d5.1l l. 

Proof. Let (•, •} denote the duality between and Then, from Lemma |B~4l it follows 
that for each (/ef, there exists A (J/) 6 T 7 ' such that 

^(t/,V) = (A(t/),V), 

for every Hence, this relation defines an operator A : "f — » T^' ', which is bounded by 

( 15.61 l. Exploiting Lemma I3T4I once again, it is easy to see that A is monotone and coercive. 
It follows from Brodwer's theorem (see, e.g., flTT] Theorem 5.3.22]), that A{f) = f. 
Therefore, for every F e f there exists U £ ~f such that A{U) = F, that is, for every 

vef, 

(A(U),V)=*/(U,V) = (V,F). 

Since W hp (Q.) ^ LP{a) and W l ' q (dQ) =-> L c/ (<?£2) with dense injection, by duality, we 
have X p *' q *(U,ii) ^ f". Since Q is bounded and a(dQ.) < °°, we obtain that 

This shows the existence of weak solutions. The uniqueness follows from the fact that stf 
is strictly monotone (cf. Lemma l5~4l i. This completes the proof of the theorem. □ 



Corollary 5.6. Let the assumptions of Theorem \575\ be satisfied. Let 

Np P(N-1) q(N-l) 

Ph - = N(p-i) +P > qh - = Wp-vy andqk - = N( q -i) + i - (5 - 9) 

(a) Let I < p <N, I < q < p(N — l)/N, p\ > ph and q\ > q k . Then for every (f,g) G 
X Puqi (Q.,n), there exists a function U £ "f which is the unique weak solution to 

dSD. 

(b) Let 1 < q < N — 1, 1 < p < Nq/ (N — 1), p\ > /?/, and q\ > q^. Then for every 
(fig) £ X puqi (Q.,n), there exists a function U € "¥ which is the unique weak so- 
lution to ( 15.11 ). 

Proof. We first prove (1). Let 1 < p < N and 1 < q < p(N —1)/N and let p\ > p h and 
1i >1k, where pi, and^. are given by J5.9t . Let p s :=Np/ (N — p) andq, :=(N—l)q/(N— 
1 - q). Since W l 'P(Q) LP" (Q) and W 1 ' q (dQ.) ^ L q > (da) with dense injection, then by 
duality, X Pl ^ k (H, jX ) ^ f, where 1 / p s + l/p h = l and l/q t + l /q k = 1 . Since /i (O) < », 
we have that 

Hence, for every F := (f,g) E X p '- C/ ' (£2,/x) <^ V, there exists U ef such that for every 



(A(U),V) = *J(U,V)= / fvdx+ [ 
Jn Jd 



gv da. 

The uniqueness of the weak solution follows again from the fact that stf is strictly mono- 
tone. 

In order to prove the second part, we use the the embeddings W hp (Q.) <-> LP' {SI), 
W ,P (Q.) L qs {d£l) and proceed exactly as above. We omit the details. □ 
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5.3. Properties of the solution operator of the perturbed equation. In the sequel, we 
establish some interesting properties of the solution operator A to problem (15. jj . We begin 
by assuming the following. 



Assumption 5.7. Suppose that ccj, j — 1,2, satisfy the following conditions: 

(5.10) 



there are constants Cj £ (0, 1] such that 



1 cj \0Cj(x,^ — tj)| < \<Xj(x,!;) - a/(x,T7)| for all t,,r\ £ R. 

Theorem 5.8. Assume Assumptions 15. 71 \5.2\ and\ 5. 71 Let p, q > 2 and let A: Y — > Y' be 

the continuous and bounded operator constructed in the proof of Theorem \5.5\ Then A is 
injective and hence, invertible and its inverse A -1 is also continuous and bounded. 

Proof. First, we remark that, since 

((Xj(x,t) - 0Cj(x,s)) (t-s)> 0, for all t,s e R, 

for X^-a.e.x <E Q. if j = I and cr-a.e. x £ dQ. if j = 2, it follows from ( 15.101 that, for all 

t,s £ R, 

(aj(x,t) - 0Cj(x,s)) (t — s)> Cjdj(x,t -s) -(t-s). (5.11) 

Let U,V £ Y and p,q £ [2,«>). Then, exploiting ( 12. 12k ( I5.111 l and the (A 2 )-condition, we 
obtain 

(A(U)-A(V),U-V) = #f(U,U - V) - jrf(V,U - V) (5.12) 
= J (\Vu\ p - 2 Vu-\Vv\ p - 2 Vv)-V(u-v)dx + J (\u\ p - 2 u-\v\ p - 2 v) {u-v)dx 

+ I (a l (x,u)-ai(x,v))(u-v)dx+ [ (|V r w| 9_2 V r K- |V r v| 9 ~ 2 V r v) • V r (u-v)do 
Jn Jdn 

(\u\ q ~ 2 u - |v| 9_2 v) (u - v)da+ / (a 2 (x,u) — a.2(x,v)) (u — v)do 
da Jdn 

This implies that (A(U) -A(V), U-V) > 0, for all U,V £ Y with U ^ V (that is, u ^ v, or 
u \dn v \dn)- Therefore, the operator A is injective and hence, A~ l exists. Since for every 

u £ y, 

j*(U,U) = {A(U),U)<\\A(U)\\r\\U\\r, 
from the coercivity of (see d5.8t ), it is not difficult to see that 

lim \\A(U)\U=+°o. (5.13) 

\\u\\ r ^+o° 

Thus, A" 1 : f ->• Y is bounded. 

Next, we show that A -1 : Y' — >• V is continuous. Assume that A -1 is not continuous. 
Then there is a sequence F„ £ Y' with F„ — > F in Y' and a constant 8 > such that 

\\A-\F n )-A-\F)\\f>>8, (5.14) 

for all n £ N. Let t/„ :—A^ l (F„) and t/ = A -1 (F). Since {F,,} is a bounded sequence and 
A -1 is bounded, we have that {£/„} is bounded in Y. Thus, we can select a subsequence, 
which we still denote by {£/„} , which converges weakly to some function V £ Y. Since 
A(U n ) —A(V) — > F —A(V) strongly in Y and U n — V converges weakly to zero in Y, we 
deduce 

]ha(A(U n )-A(V),U n -V)=0. (5.15) 

n— >oo 
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From (15.12b and (15.151 >. it follows that 

lim \\u n — v\\ w i,pf n \ = and lim / Ai (x, u n — v)dx = 0, 

while 

lim ||M„-v||wi )f fjni =0 and lim / A 2 (x,m„ - vWct = 0. 
Therefore, U„ — > V strongly in Y. Since A is continuous and 

F n =A{U„)^A(V)=F=A{U) 
it follows from the injectivity of A, that U = V. This shows that 

lim \\A- l (F„) -A-\F)y = lim \\U n -U\\y = 0, 

n—^oo n^oo 

which contradicts (15.14b . Hence, A -1 : Y' — > Y is continuous. The proof is finished. □ 

Corollary 5.9. Let the assumptions of Theorem \5.8\ be satisfied. Let ph,qh and q^ be as in 
i5.9\ and let A: Y ^ Y' be the continuous and bounded operator constructed in the proof 
ofTheorem \5.5\ 

(a) If2<p<N, 2<q<p(N-l)/N, p x >p h andq\ >q k , thenA~ l : X^ 1 -* 1 (H,/*) -> 
X Ps > q < (£1, fl) is continuous and bounded. Moreover, A -1 : X puqi (£2,jlt) Y f) 
X r,5 (i2,il) /s compact for every r G (1,/??) ant/s £ (l,# s ). 

(b) 7^2 < q < N — 1, 2 < p < qN / (N — I), pi > Ph and q\ > q/ v then the operator 
^-1 . xPi<H (£2,ju) ->X Ps,?J (Q,/i) « continuous and bounded. Moreover, A -1 : 
X Pl ' 9l (Q,/x) ^nX'^Xn,^) is compact for every r G and s G 

Proof. We only prove the first part. The second part of the proof follows by analogy and 
is left to the reader. Let 2<p<N,2<q< p(N — l)/N, p\ > pi, and q\ > q^ and let 
F G X Pl ' qi Proceeding exactly as in the proof of Theorem 15. 8 1 we obtain 

\\A-\F)\\ Ps , qt < Cj \\A-\F)\[ r < C\\F\\ r , < C 2 \\F\\ Puqi . 

Hence, the operator A -1 : X Pl m -t X Ps ' q < (£2, /x) is bounded. Finally, using the facts 

that X' 5 '- 15 " (£5,ll) c — > A" 1 : Y' ^ Y is continuous and f c — > X' 5 '* we easily 

deduce thatA -1 : X^>«i(Q,ii) -> X^ s * (£2,ju) is continuous. 

Now, let 1 < r < p s and 1 < s < q s . Since the injection Y =— > X r ' s (Q.,fi) is compact, 
then by duality, the injection X r " v '(£2, /x) (7^)* is compact for every r' > = /?/, and 
s' > q' s — q^. This, together with the fact that A -1 : (T 7 )* — » T 7 is continuous and bounded, 
imply that A -1 : X Pl,<; " (£2,ju) — > T 7 is compact for every /?i > and q\ > 

It remains to show that A -1 is also compact as a map intoX r " s (£2,/x) for every r G (l,/?.y) 
and s G SinceA -1 is bounded, we have to show that the image of every bounded set 

S3 G X Pl <?1 (£2,/x) is relatively compact in X r < s (Q.,n) for every r G (I,/?*) and s G (1,95). 
Let t/„ be a sequence in A~ (3$). Let F„ = A(U„) G Since ^ is bounded, then the 
sequence F„ is bounded. Since A -1 is compact as a map into Y, it follows that there is a 
subsequence F n , such that A (F n .) — » {/ G f . We may assume that I/ n = A^ 1 (F„) —>U in 

and hence, mX p - p (H,jj,). Itremains to show that U„ 1/ in X r ' s (l2,ju). Let r G [p,p s ) 
and s G [p,^). Since t/„ := {u n .u n \^o) is bounded inX A! *(£2,/x), a standard interpolation 
inequality shows that there exists T G (0, 1) such that 

\\\u n -u m \\\ r , s < \\\u n -u m \\\;j\u„ -u m \\\l~i < c\\\u n -u m \\\l P . 

As U„ converges in X pp (Q.,jj.), it follows from the preceding inequality that U„ is a Cauchy 
sequence inX r ' f (£2,ju) and therefore converges in X'- s (Q.,fi). Hence, A -1 : X p,c " ->• 
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"f CiX r ' s (£2, jl) is compact for every r G \p,p s ) and s G \p.q s ). The case r,s G (l,p) follows 
from the fact that (£2, /i) ^X M (£2,;U) and the proof is finished □ 

5.4. Statement and proof of the main result. We will now establish under what condi- 
tions the operator A -1 maps X Puq{ (£2, jj.) boundedly and continuously into X°°(£2, ju). The 
following is the main result of this section. 



Theorem 5.10. Let the assumptions ofTheorem \5.8\ be satisfied. 

(a) Suppose 2 < p < N and 2 < q < °° Let 

p s N q s N-l 
pi > = — and q\ > = . 

Ps-p p q s -p p-l 

Let f G L Pi (Si), g G L qi (dQ) and U,V G V be such that for every function 4> = 

(<P,<Pbn)e^. 

*/(U,®)-ji/(V,<&)= [ f<pdx+ [ g<pde. (5.16) 
Jn Jdn 

Then there is a constant C — C(N ,p,q,£l) > such that 

ll|^-V|||r 1 <C(||/|| Pll n + |U||, 1>an ). 

(b) Suppose 2 < p = q <N — 1. Let 

p s N Pi N-l 

pi > = — ana q\ > = . 

Ps-P P Pt-P P 

Let f g LP 1 (£2), g G L qi (dQ.) and U,V g f satisfy ( 15.16b . Then there is a constant 
C = C(Af, £2) > such that 

|||f/-y|||r 1 <C(||/|| Pl ,n + ||g||, 1 ,an)- 
Proof. Let U,V G "f satisfy d5.16t . Let k > be a real number and set 

Wk ■= (\u - v\ -k) + sgn(u - v) Wk := {wk-,wk\dn) and w:=\u-v\. 

LetAi- := {xG £2 : |w(x)| > Ar}, andA^ := {x g£2 : w(x) > A:}, A^T := {jc G £2 : < -k}. 
Clearly Wk&'f and A k = A^" UA^T. We claim that there exists a constant C > such that 

C^(W t ,Wt) <j^(u,w*)-^(v,W4). ( 5 - 17 ) 

for all U,V g T^. Using the definition of the form ,sz/, we have 

^(I/,W t )-^(V,W*) (5.18) 

= / (|V M | p - 2 V M -|Vv| p - 2 Vv) ■Vw k dx+ [ (\u\ p - 2 u-\v\ p - 2 v)w k dx 
Jn Jn 

+ / (a\(x,u) — 0C2(x,v))wkdx+ / (\u\ q ~ 2 u - \v\ q ~ 2 v)wkdo 
Jn Jdn 

+ (\V r u\ p ' 2 V r u-\V r v\ p ' 2 V r v)-'V r wkda+ {a2(x,u)-a 2 (x,v))w k da. 
Jdn Jdn 
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Since Vwyt = < ^ U ^ m A(k), we can rewrite ( 15.18t as follows: 
1 otherwise, 

£f(U,W k )-J#(V,W k )= f {\Vu\P- 2 Vu-\Vv\ p - 2 Vv)-V{u-v)dx (5.19) 

JA(k)na 

+ / (| V r w|^ 2 V rM - |V r vf- 2 V r v) • V f (m - v)da 

JA(k)ndQ. 

+ X / (\u\ p ~ 2 u — \v\ p ~ 2 v)w k dx + / (oci(x,u) — a\{x,v))w k dx 

JA{k)nQ, JA(k)nQ, 

+ / ((X 2 (x,u) — GC 2 (x,v))w k dG. 

JA(k)ndQ. 

Exploiting inequality ( 12.12b . from ( 15.19t and (15. lit , we deduce 

s/(U,W k )-s/(V,W k ) (5.20) 
> 



/ (\^w k \ p + \w k \ p )dx+ / cicci(x,w k )w k dx 
JA(k)na JA(k)na 

+ ( (\u\ p - 2 uw k -\v\ p - 2 vw k -\w k \ p )dx 

JA{k)nQ. 

+ / (<Xi(x,u) — <X\(x, v) — ci(Xi(x,w k ))w k dx 
JA(k)na 



(\Vrw k \ q + \w k \ q )do + / c 2 a 2 (x,w k )w k da 

A(k)ndQ. JA(k)nda 



+ f (\u\i- 2 iiw k - \v\i- 2 vw k - \w k \i)do 

JA(k)ndQ. 

+ / ((X 2 (x,u) - 0C2(x,v) - C 2 0C 2 (x,W k ))w k dO 

JA(k)nda 

>C#/(W k ,W k ) + [ {\u\ p ~ 2 uw k - \v\ p ~ 2 vw k - \w k \ p )dx 
JA(k)nn 

+ / (<X\(x,u) — <Xi(x,v) — c\(Xi(x,w k ))w k dx 
JA(k)nn 

JA(k)ndQ. 

+ / (a 2 (x,u) - a 2 (x,v) -c 2 a 2 (x,w k ))w k dG, 
JA(k)nda 



JA(k)nda 

where c\,c 2 are the constants from (15.11b . Using (15.10b and the fact that (Xj(x, •) are strictly 
increasing, for x 6 At, we have 

Cj(Xj(x, w k (x)) = CjCt j(x,u(x) — v(x) — k) < cjCC j(x,u(x) —v(x)) 
< 0Cj(x,u(x)) — (Xj(x,v(x)). 

Multiplying this inequality by w k (x) > 0, x G At, yields 

(a j(x,u(x)) — (Xj(x,v(x)) ~ c j(Xj(x,w k (x)))w k (x) > 0. (5.21) 
Similarly, for x £ A^ , 

CjCCj(x, w k (x)) = CjOCj(x,u(x) — v(x) + k)> CjCtj(x,u(x) — v(x)) 
> 0Cj(x,u(x)) — (Xj(x, v(x)). 
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Hence, multiplying this inequality by w k (x) < 0, we get 

(<Xj(x,u(x)) — aj(x,v(x)) — c j<Xj(x,w k (x)))w k (x) > 0, (5.22) 

for all x G . Hence, on account of ( 15.211 ) and ( 15.221 i. from (15.20b we obtain the required 
estimate of ( 15.171 ). 

(a) To prove this part, note that from Definition 15. 3 l it is clear that, 

\H\\ P w i, P{a) <^(W k ,W k )- (5-23) 

Let / e IP X {CI) and g G U n {d£l) with 

, Ps N q s N-l 
pi > = — and qi > = -. 

Ps-p p q s -p p-i 

and let B C i2 be any /x-measurable set. We claim that there exists a constant C > such 
that, for every F G X Pl ^ (£2,ju) and <p G W l ' p (D.), we have 

ir<plfi||lu <C|||F||| /5l , f/1 ||(p|| wl . P(n) |||x B ||| P3 ,,3, (5.24) 

where pi and qj, are such that l/p3 + 1/pi + 1 //?s = 1 and 1 /qj + 1 /#i + 1 jq s = 1. In 
fact, note that if n G N and /?,-, G [1,°°], (/ = 1, . . . ,n) are such that 

"1 "1 

and, if G X Pi > qi (Cl,pl), (i — 1 , . . . , n), then by Holder's inequality, 

iiin^iiii.i<ni!i^iiu. 9 ,. (5.25) 

j=i 1=1 

Since W hp (Q.) ^ Z^"*'(ft,/i), d5T24b follows immediately from tfx25[ and the claim 
(15.241 ) is proved. Next, it follows from (15.24K that 



FWtrf/i = |||FW t |||i,i = |||FWa A Jlli,i 

< lll F lllpi,?lll W| W V(Q)|||^|||p3 )9 3, 

where we recall that 1 /p^ = (1 — l/p s — 1/pi) > (p — 1) and ^3 < ^/ (p — 1). There- 
fore, for every k > 0, 

^(^W*)-^W fc )<|||F||| pl)? JK|| wM£1) |||z A Jlk ? 3 ; 
which together with estimate (15.171 ) yields the desired inequality 

C*/(yV k ,W k )<sS(U,W k )-/g(V,W k ) < |||F||| Pl> , 1 || Wfc || w i, P(n) ||| ZA J|| / , 3)93 , (5.26) 

It follows from d5.23t and ( 15.261 ), that for every k>0, 

cK||£ liP(n) <^(^,w fc ) <^(i/,w 4 )-^(v,Wt) 
Iktllwrtj-co) lll^lll 

Hence, for every £>0, IM^^j <Ci|||^||| M ^. Using the fact W 1 ^) ^X**(S,/i), 
we obtain for every k > 0, that 

IIKIHU< c III f IIIpi4iIIIzaJIU, 9 3- 

Let /1 > A:. Then A/, cAj and on A/, the inequality \w k \ > {h — k) holds. Therefore, 

fell I 
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which shows that 

lll^lllU^ C lll f llll'i.ft( A -*)~ CP ~ 1) lll^llk»- < 5 ' 27 ) 
LetC 3 := |||lnlllp s ,? s . and 

8:=min(^,^)>p-l, 5 :=_*_ >i. 

lP3 P3j P-1 



Then 



and 



||C 3 -^ 3 ^J|a,p 3 = Hq-^ll^? < llq-^lllp, (5-28) 

^ II I^aJI lp„?,^3 5 



^ II I^A t II 1^,4,^3 

Choosing C n := Cf /p3 ~ 5 + Cf s/<Z3 ~ 5 , from d538l - (l539t we have 

III^JIU,43<Ca|||^JIlL ?s - (5-30) 
Therefore, combining ( 15.27) with ( 15.30) , we get 

III^JIIU^CII^IIU^^-^^^III^JIC (5-31) 



-C\\\F\\\ Puq{ {h-k)-^ 



\&A k \\ \p s ,q s 



Setting \jf(h) := || \Xa h II lj>j,?j m Lemma l2.13l on account of (15.31) . we can find a constant 
C2 (independent of F) such that 

\\\XaJ\ p p 7,1 = with^^CalHFlH^. 

This shows that jlt(Ajf) = 0, where Ajf = {x G £2 : |(w — v)(x)| > K}. Hence, we have 
\u — v\ < K, ji-a.e. on £2 so that 

ir-V|||r 1 <C 2 |||F||U, 9l =C 2 (||/|U,a + W, 1 , a£i ), 

which completes the proof of part (a). 

(b) To prove this part, instead of (15.23) and (15.24) , one uses ||W*||^ < £/{W k ,W k ) and 
< C|||F||| Pl , 91 ||(p|| w i.p (i2) |||^ B |||p3, 9 3, (where p 3 and q 3 are such that I//J3 + 
1/pi + 1/av = 1 and I/43 + \jq x + l/p, = 1) and the embedding f r <-^f{<-^ X Ps ' p < (U, ju). 
The remainder of the proof follows as in the proof of part (a). □ 

We conclude this section with the following example. 

Example 5.11. Let p £ [2,°°), b : dD. — > (0,°°) be a strictly positive and o -measurable 
function and let 

P(x^):=b(xM\"-^, t;eR. 
Then, it is easy to verify that /3 satisfies Assumptions \5 .l\\572\ and \5J\ ( see, e.g., Example 

4.17];. 
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